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| Abstract. We consider a family 7i\J : Bi — > Bij = Bji, i,j £ {1, 2, 3}, i 7^ j, of C*-epimorphisms 
■ assuming that it satisfies the cocycle condition. Then we show how to compute the Tf-groups of 
the multi-pullback C*-algebra of such a family, and examplify it in the case of the triple- Toeplitz 
j- — [ • deformation of CP 2 . 

o 

Introduction. Starting from the affine covering of a projective space, a new type of non- 
commutative deformations of complex projective spaces was introduced in [2]. Therein, 
the complex projective space CP™ is presented as a natural gluing of polydiscs, dualized 
to the multi-pullback C* -algebra, and deformed to a multi-pullback of tensor powers of 
Toeplitz algebras. The case of n = 1 was analyzed in detail in [7j, and called the mirror 
quantum sphere. In particular, its if-groups were easily determined. 

The goal of this note is to determine the if-groups in the case n = 2, which requires 
some tools. The C*-algebraof the mirror quantum sphere is simply a pullback C*-algebra, 
so that its if -theory is immediately computable by the Mayer- Vietoris six-term exact 
sequence. The C*-algebra of the triple- Toeplitz deformation of CP 2 is a triple-pullback 
C* -algebra, and it turns out that, in order to apply (three times) the Mayer- Vietoris 
six-term exact sequence, we need to check the cocycle condition. 

We begin by general considerations allowing us to combine the cocycle condition, 
the distributivity of C*-ideals, and the Mayer- Vietoris six-term exact sequence into a 
certain general computational tool. Then we use it to establish the A'-groups of the 
aforementioned quantum CP 2 . 

To focus attention and for the sake of simplicity, we start by considering the category 
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of vector spaces. Let J be a finite set, and let 

{■Kj : Bi — > B i:j = H, ,},.,: (1) 

be a family of homomorphisms. In this category, the multi-pullback of a family ([T]) can 
be defined as follows. 

Definition 0.1 ([HIS]). The multi-pullback B" of a family of homomorphisms is 
defined as 




and its multi-pullback B 7 ' can be interpreted as the limit of this diagram. (Recall that 
the limit (colimit) of a diagram is a certain universal object together with morphisms 
from it to (to it from) all objects in the diagram.) Furthermore, one can easily transform 
the triple-pullback B 7 ' into an iterated pullback: 

Lemma 0.2. Let B 7 ' be the multi-pullback of a family (flj for J = {1,2,3}. Then the 
canonical identification of vector spaces V 3 — ¥ V 2 x V yields an isomorphism from B" 
to the pullback vector space P of the top sub-diagram of the diagram 




colim ((2|) 

Here all three square sub-diagrams are pullback diagrams, 7(61,62) := (713(61), 713(62)), 
5(63) := (711(63), 712(63)), and rj 1 , rj 2 come from the colimit of the diagram 

Proof. By construction, any element of P is a pair ((61, 62), 63) € (B\ x B2) X B3 such 
that tt!(6i) = 7r?(6 2 ) and (7^(61), tt|(6 2 )) =: 7(^1,62)) = S(b 3 ) := (^(63), 7r 2 3 (6 3 )). Hence 
the re-brackcting map from B 7 ' to P is an isomorphism, as claimed. ■ 
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We can still remain in the category of vector spaces to define the second key concept 
of this note, notably the cocycle condition. First, we assume that all maps of a family 
((U are surjective. Then, for any distinct i, j, k, we put B l - k := £?j/(ker7rj + kerTrJ.) and 
take [-]j k : Bi — > B l - k to be the canonical surjections. Next, we introduce the family of 
isomorphisms 

4 j : B) k — ► B y /^.(ker<), [h}) k —> n)(b % ) + ^(ker<). (4) 
Now we are ready for: 

Definition 0.3. J31 in Proposition 9] We say that a family (fTJ) of epimorphisms satisfies 
the cocycle condition if and only if, for all distinct i,j, k G J, 

1. 7r;-(ker7r*) =^(ker^) ; 

2. the isomorphisms c/> k :— ('K 1 ' k )~ 1 °^ k : B\ k — > B^ k satisfy (f)^ — <jj£ o cfff . 

1. A method for computing the X-groups of triple-pullback C*- algebras. To 

avoid redundant assumptions, we split this section into an algebraic and C*-algebraic 
part. The latter appears as the special case of the former. 

1.1. Algebras with distributive lattices of ideals. From now on we specialize the 
category of vector spaces to the category of unital algebras and algebra homomorphisms. 
Much of what we do in this subsection is re-casting Corollary 4.3]. However, since 
our focus is on triple-pullback algebras, we provide simple direct arguments to spare the 
reader the language of sheaves. First, we slightly extend Proposition 9]: 

Lemma 1.1. Assume that a family (fT]) of algebra epimorphisms satisfies the cocycle condi- 
tion and the kernels of these epimorphisms generate a distributive lattice of ideals. Denote 
by TTi, i G J , the restriction of the i-th canonical projection to the multi-pullback B" of 
the family (JlJ. Then Bi = B n /ker TTi for all i G J and Bij = B n / '(ker^ + ker7Tj) for all 
distinct i, j G J . 

Proof. The existence of isomorphisms Bi = B w j ker7Ti, i G J , is simply a re-statement of 
(3j Proposition 9]. To show the existence of the second family of isomorphisms, we apply 
[8j Theorem 7(2)] to conclude that, for any distinct i,j G J and any bi G Bi, bj G Bj, such 
that TTj{bi) — irj (bj), there exists an element b G B" such that TTi(b) = bi and TTj(b) = bj. 
This allows us to prove that the kernels of algebra epimorphisms Tiij := ttj o 7Tj = 7r| o ixj 
are ker 7^ + ker7Tj. Indeed, if b G keririj, then 7T*(7rj(i))) = and there exists b' G such 
that TTi(b') = iTi(b) and Kj{b') = 0. Therefore, since b — b'G ker7ri and b' G ker7Tj, we infer 
that b G ker7r.; + kerTTj, as needed. The inclusion ker^ + ker 71^ C ker7ry is obvious. ■ 

Combining the above lemma with the [U Proposition 8] , we obtain: 

Lemma 1.2. Assume that a family ((T|) of algebra epimorphisms is such that the re- 
strictions of the canonical projections to the multi-pullback B^ of the family (fTJ) are 
surjective and their kernels generate a distributive lattice of ideals. Then the algebra 
B n is isomorphic to the multi-pullback algebra of the family of canonical surjections 
B" /ker7Ti — > B v /(kei 7Tj + keriTj), i,j G J, j. 
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Now we specialize multi-pullbacks to triple-pullbacks, and consider a special case of 
the iterated pullback diagram of Lemma [ 



B*/L 




(5) 



B*/{I 2 + h). 



Here I, := keriTi, i E {1,2,3}, 7(0,6) := (a + I3, b + I 3 ), 5(c) := (c + Ii,c+ Jg), and 
all three square sub-diagrams are pullback diagrams. To further abbreviate the notation, 
we will use Bf := B*/Ii and B£ := B*/(Ii + Ij) for all distinct i,j E {1,2,3}, and 
BZ a3 :=B*/(I 1 +I 2 +h). 

Proposition 1.3. Assume that a family (fT]) of algebra epimorphisms satisfies the cocycle 
condition and the kernels of these epimorphisms generate a distributive lattice of ideals. 
Assume also that the kernels of the restrictions of the canonical projections to the multi- 
pullback B™ of the family ([T]) generate a distributive lattice of ideals. Take J = {1, 2, 3}. 
Then the pullback algebra P of diagram ((5|) is isomorphic to B", and all homomorphisms 
in this diagram are surjective. 

Proof. First we take advantage of Lcmma [L~2l to transform the family (TTJ into its canonical 
form. Then we apply Lemma l0T2l to conclude that the pullback algebra P of the iterated 
pullback diagram ([5]) is isomorphic to the triple-pullback algebra BP by the re-bracketing 
isomorphism. Thus we can replace P by B™ in the diagram (|5|. 

Since all square sub-diagrams are pullback diagrams and canonical quotient maps are 
surjective, to prove the surjectivity of all homomorphisms in the diagram ([5]) it suffices 
to show the surjectivity of 7 and 6. The latter map is surjective by [U Lemma 2.1]. It 
requires a little bit more work to prove the surjectivity of 7, but our argument is again 
based on Lemma 2.1]. 

Let (6, c) G ?2. Take a E B\ 2 that is mapped to the same element in B^ 23 as b and c. 
It follows from Lemma 2.1] that there exists an element a E B\ such that a + 12 = a 
and a + ^3 = b. Much in the same way, we show that there exists an element /3 E B% 
satisfying (5 + I\ = a and f3 + I 3 = c. By construction, (a, (3) E P\ and 7((a, (3)) = (6, c). ■ 



and Bij B* 



Finally, since for all distinct i,j E {1, 2, 3} the identifications B{ = B 
are such that together with 7r* 's and canonical quotient maps they form commutative 
square diagrams, we immediately conclude: 

COROLLARY 1.4. Assume that a family (fTJ) of algebra epimorphisms satisfies the cocycle 
condition and the kernels of these epimorphisms generate a distributive lattice of io 
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Assume also that the kernels of the restrictions of the canonical projections to the multi- 
pullback of the family ([T]) generate a distributive lattice of ideals. Take J — {1, 2, 3}. 

1 2 

Then in the diagram ^ we can take r/ 1 and n 2 to be defined as B X3 — > Bi 23 <— B23, 
rf(b) := b + Ii + 12 +I3, where b is such that 773(^(6)) = b, i € {1,2} 7 and all homomor- 
phisms in this diagram are surjective. 

1.2. The case of C*-algebras. Let us assume from now on that all our algebras are 
unital C*-algebras, and morphisms are C*-homomorphisms. Due to the property of C*- 
ideals that I n J — I J, their kernels always generate a distributive lattice of ideals, so 
that we are in the special case of the preceding section. On the other hand, recall that for 

a 1 a 2 

the pullback C*-algebra A of any pair of C*-homomorpisms A\ — > A12 <— A 2 of which at 
least one is surjective, there is the Mayer- Vietoris six-term exact sequence (e.g., see 
Theorem 21.2.2] p] Section 1.3], [10]): 

K (A) ^ K (A X ) ® K (A 2 ) > K (A 12 ) (6) 

K X {A 12 ) < K X (A X ) © K X {A 2 ) * K X {A). 

Now we can combine Lemma [0T2l with Corollary 11.41 and apply three times the above 
Mayer- Vietoris six-term exact sequence to infer: 

COROLLARY 1.5. Assume that a family (JlJ is a family of C* -epimorphism and J = 
{1,2,3}. Then, if this family satisfies the cocycle condition, there are three six-term exact 
sequences: 

K (Pi) K (B X ) © K (B 2 ) K (B X2 ) 

Ki(B 12 ) * K X {B X ) © K X {B 2 ) * K X {P X ), 

K (P 2 ) K (B X3 ) © K (B 23 ) ?t?L+ K (B* 23 ) 

K X (B? 23 ) < Vl ' vl K X (B X3 ) © K X (B 23 ) K X (P 2 ), 

K (B*) *~ K {P X ) © K {B 3 ) 7 *~ 5 ' > K Q (P 2 ) 



K x (P 2 ) « 7 * K x (P x ) © K x (B 3 ) 



K X {B"). 
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2. The triple Toeplitz deformation of CP 2 . 

2.1. C*-algebra. We consider the case n = 2 of the multi- Toeplitz deformations [H 
Section 2] of the complex projective spaces. The C*-algebra of our quantum projective 
plane is given as the triple-pullback of the following diagram: 

T®T T®T T®T. (7) 





*02°Cl 



Here T is the Toeplitz algebra, a : T — > C(S 1 ) is the symbol map, o\ := a®id, 02 := id ®a, 
and 

CiS 1 ) ®T3u®z^H S(z^u) <g> g CiS 1 ) ® T, (8) 
CiS 1 ) ®T3u®z^ z (°) <g> G r ® CiS 1 ), (9) 

r^cfs^z^u^ziS^Aiergcis 1 ), (10) 

where T 3 z i-> z( ) ® G T ® C(S' 1 ) is the coaction dual to the gauge action on 7", 
and S(/)( ff ) := /(.g- 1 ). 

2.2. if -theory. The main result of this note is the following: 

Theorem 2.1. The K-groups of the triple- Toeplitz deformation of CP 2 are: 

K (C(CP$)) = Z 3 , K X {C{CP$)) = 0. 

Proof. Since the family ([7]) satisfies the cocycle condition by [4J Lemma 3.2], we can apply 
Corollarv ll.5l to compute the if-groups of its triple-pullback C*-algebra C(CPj-). First, 



we present C(CPj-) as the pullback C*-algebra of the diagram 



T®T 




(11) 



■ *mocri 

C{S 1 )®T T®C(S 1 ) 



T®T 



T®C(S 1 ) 



C(S 1 )®C(S 1 ) 

with all arrows surjective. We know that 

K Q {T® 2 ) = Z, KoiCiS 1 ) = Z, K a (T®C(S 1 )) = Z, 
K o (T m ) = 0, K (C(S 1 ) = Z, K Q (T®C(S 1 )) = Z, 



(12) 



THE if -THEORY OF THE TRIPLE-TOEPLITZ DEFORMATION OF CP 2 



7 



and that the generators of K are [1 ® 1] e K (T® 2 ) and [1 © 1] S if (7" © 
Now the first diagram of Corollary 11.51 becomes 



K (Pi 



K^T^CiS 1 ))^ 
After plugging in ([T2"T) . we obtain 

K (Pi) 



K (T® 2 ) ® K (T® 2 ) 



KoiT^CiS 1 )) 



ifi(r® 2 )©Xi(r g 



•ZffiZ 



(m,n)t-^rn — n 



■z 



z- 



o 



ifi(Pi). 

This yields K (Pi) — Z © Z and ifi(Pi) = because the dotted arrow is onto. 
Next, the second diagram of Corollary 11.51 becomes 



(13) 



(14) 



K (T ® CIS 1 )) © KoiCiS 1 ) ® T) »- ^(C^ 1 ) © C(S X )) 



Xi(C(5 x ) © C^ 1 )) < ^(T ® CiS 1 )) © Xi^S 1 ) © T) ^ K 1 (P 2 ). 

(15) 

This is a special case of an exact sequence studied in [TJ Section 4]. On the other hand, 
using a different method, it was already determined in [5J Section 3] that Kq(P2) = Z 
(generated by 1 G P 2 ) and #i(P 2 ) = Z. 

Finally, the last diagram of Corollary 11.51 becomes 

K (C(Clf)) K (Pi) © K (T® 2 ) K (P 2 ) (16) 



Kx{P 2 ) - KiiPx) © ifi(T® 2 ) ^x(C(CP2)). 

Equivalently, we can write it as 

KoiCiCP 2 -)) ^(Z©Z)ffiZ >Z (17) 

Z ^ -< KxiCiCP 2 )). 

The dotted map is of the form (m, n, i) H> fcm + k'n — I. In particular, it is onto, so that 
Ki(CP^-) — 0. Furthermore, the kernel of this map is Z 2 . Combining this with the fact 
that the short exact sequences of free modules split, we infer that Ko(CPj-) = Z 3 . ■ 
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